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 In this work, we dissect the performance of  two modern Perdew-Burke-Ernzerhof (PBE)-based double-hybrid (DH) density functionals 
to predict the isotropic and anisotropic polarizabilities of water nanoclusters (H2O)n [n = 2-6]. The considered models include the cubic 
integrand (CI) and quadratic integrand (QI) functions as well as the spin-opposite-scaled (SOS) scheme for perturbative correlation term. It 
is shown that all the tested CIDHs and QIDHs underestimate the isotropic polarizabilities, while in the case of anisotropic polarizabilities 
there is also overestimation of data for a few of nanoclusters when employing the PBE-QIDH-OS model. Putting all the results together, 
the recommended DH functionals for predicting the dipole polarizabilities of water nanoclusters turned out to be PBE-CIDH, PBE-CIDH-
OS, PBE-QIDH, and PBE0-DH with deviations smaller than those provided from Møller-Plesset perturbation calculations.  
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INTRODUCTION 
 
 Since the publication of the first double-hybrid (DH) 
density functional, B2-PLYP [1], the DH density functional 
theory (DH-DFT) approximations have received remarkable 
attention in the literature [2-4]. The story behind DHs is the 
same as in the single-hybrid (SH) density functionals. In 
fact, while in SHs only a contribution of the DFT exchange 
is replaced by Hartree-Fock (HF) exchange, the DH 
functionals additionally substitute part of the DFT 
correlation with a nonlocal correlation contribution from 
second-order Møller-Plesset (MP2) perturbation theory. The 
energy expression of DH exchange-correlation (XC) 
functionals can thus be written as follows, 
 

  MP2MP2DFTMP2DFTHFHFHFDH 1)1( ccccxxxxxc EwEw-EwEwE       (1)

    
Here, HF

xE  and MP2
cE  are the HF exchange energy and MP2 

correlation  energy  with  the   fractions  of  HF
xw   and  MP2

cw , 
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respectively. The two other terms, DFT

xE and DFT
cE , denote 

the semilocal exchange and correlation energies, 
respectively. The parameters HF

xw  and MP2
cw  in Eq. (1) can 

be determined empirically (parameterized or empirical 
models) or theoretically (parameter-free or nonempirical 
models) [5-30].  
 In recent years, several reformulations of DH density 
functionals have also been proposed [11,12]. As one of 
them, which recently served as a motivation for developing 
the parameter-free DHs, the linearly scaled one-parameter 
double-hybrid (LS1DH) approximation with only one 
parameter () can be noted [12], 
 

    MP23DFT3DFTHFλLS1DH, λ)λ1()λ1(λ ccxxxc EρEρEEE   (2)

                                        
From a different perspective [19], we are lately witness the 
blooming of DH functionals constructed from another 
approach, namely the adiabatic-connection (AC) formalism 
[31]. The two modern AC-based DH models in concern are 
quadratic integrand double-hybrid (QIDH) [24] and cubic 
integrand  double-hybrid  (CIDH) [25]   functionals.   In  the  
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QIDH model, the energy expression has been constructed 
by employing a QI function as approximate XC integrand 
using the equation below [24], 
 

        MP2DFTDFTHFQIDH
λ 3
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On the other hand, the CIDH model has recently been 
proposed by the present author [25] who uses the following 
energy expression based on a CI function as approximate 
XC integrand, 
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In QIDH and CIDH protocols the value of x is determined 
using the LS1DH approximation, Eq. (2), as   233λ 3/1  

x  
and   162λ 31   /

x , respectively.  

 The DH density functionals have also been designed 
within the framework of spin-component-scaled (SCS) 
scheme in which MP2 correlation energy can systematically 
be improved by separate scaling of the opposite-spin (OS) 
and same-spin (SS) components [32], see for instance Refs. 
[8,14,18]. Moreover, another version of DHs based on OS 
approach [33] may also be considered where only 
contributions of electron pairs with opposite spin are taken 
into account for the perturbative correlation term [9,10].  
 Recently, the performance of various parameterized and 
parameter-free DHs for predicting the dipole polarizabilities 
of hydrogen-bonded systems has been assessed [23]. 
Working in this line, it has been shown that the DH density 
functionals, and especially the parameter-free ones, have 
superior performance with respect to the approximations 
from previous rungs of Jacob’s ladder [34]. Despite earlier 
studies on the applicability of DHs for response properties, 
there are still some drawbacks in this arena and the quest for 
a better functional continues. In this respect, the 
performance of the two most recently proposed DH models, 
CIDH and QIDH, and their OS versions have not been 
benchmarked yet on dipole polarizabilities of water 
nanoclusters as representative examples of hydrogen-
bended systems. Hereby, we have undertaken this issue in 
the current contribution.  

 
 
DETAILS OF CALCULATIONS 
 
 To construct the working expressions for CIDHs and 
QIDHs as well as the OS counterparts, the exchange and 
correlation terms in Eqs. (3) and (4) should be specified. We 
have utilized the widely used Perdew-Burke-Ernzerhof 
(PBE) approximation [35] for this purpose and consequently 
the four models, PBE-CIDH, PBE-QIDH, PBE-CIDH-OS 
and PBE-QIDH-OS, are derived. It has earlier been pointed 
out that the dipole polarizabilities are well predicted by 
functionals including the PBE exchange and correlation 
approximations [23]. In addition, another advantage of 
choosing PBE is its nonempirical background, so that in this 
manner we obtain the functionals free of any fitted 
parameter. Following previous suggestions [36], the aug-cc-
pVDZ basis set was used in our calculations. However, for 
more details on the effects of basis sets on response 
properties of hydrogen-bonded systems see, for instance, the 
detailed works of Maroulis on linear and nonlinear 
polarizabilities of monomer and dimer of water [37,38]. As 
a reference to evaluate the performance of functionals, the 
CCSD/aug-cc-pVDZ model chemistry has been employed. 
All the runs of the present calculations have been 
implemented in Gaussian09 suite of codes [39]. The usual 
statistical metrics such as mean signed deviation (MSD), 
mean absolute deviation (MAD), and maximum absolute 
deviation (MaxAD) were used for statistical analyses of 
data. Atomic units (a.u.) are used throughout. 
 
RESULTS AND DISCUSSION  
 
 Shown in Fig. 1 are the geometrical structures of water 
nanoclusters (H2O)n [n = 2-6] ranging in size from the dimer 
to four different isomers of the hexamer optimized at the 
CCSD/aug-cc-pVDZ level of theory [40]. To explore the 
effects of the shape of clusters on the computed dipole 
polarizabilities and consequently the accountability of the 
tested AC-based DHs for predicting the corresponding data, 
we have considered more than one structure for the water 
hexamer. The values of signed deviations of the computed 
isotropic ( ) and anisotropic () dipole polarizabilities of 
these nanoclusters using the CIDHs and QIDHs are reported 
in Table 1. Moreover, the corresponding graphical 
representations  are  plotted in Figs. 2a and 2b, respectively.   
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Based on the present results, PBE-CIDH, PBE-QIDH, and 
their OS versions have similar patterns on signed deviations 
of isotropic polarizabilities (Fig. 2a). Obviously, the 
deviations have a linear decreasing pattern with the cluster 
size up to water hexamer. For different hexamers, however, 
the variations of signed deviations in different functionals 
are very smooth. In the case of anisotropic polarizabilities, 
Fig. 2b, the trend of deviations is more pronounced, 
indicating that the values of  are more affected by the 
hydrogen bonding patterns. On the other hand, we find from 
the figures that all the tested models underestimate the 
values of isotropic polarizabilities while the values of 
deviations do not change systematically in the case of 
anisotropic  polarizabilities. In the  latter  case,  although the  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
overestimation of data is more apparent, the anisotropic 
polarizabilities are also found to be underestimated for a 
few nanoclusters when employing the PBE-QIDH-OS 
functional.  
 The issue of signed deviations aside, general evaluation 
of the performance of functionals has been performed using  
MADs and MaxADs. The corresponding statistical 
descriptors of our analyses are gathered in Table 2. 
Moreover, to make the key trends more visible, absolute 
deviations in the computed values of   and   using the 
benchmarked DHs are exhibited in Figs. 3a and 3b, 
respectively. We first evaluate the results of isotropic 
polarizabilities for the water nanoclusters under 
consideration.   Our   numerical   data   show  that  the  most  

 
       Fig. 1. CCSD/aug-cc-pVDZ optimized structures of  water  nanoclusters  (H2O)n [n = 2-6] under study.  Color  

            conventions: red for  oxygen and  light gray  for  hydrogen. The used  tags are as  follows; W2: (H2O)2,  
            W3: (H2O)3, W4: (H2O)4, W5: (H2O)5, W6-B: (H2O)6-Book, W6-C: (H2O)6-Cage, W6-P: (H2O)6-Prism,  

                    and W6-R: (H2O)6-Ring. 
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    Table 1. Signed Deviations (Calc.-Ref.) on the Computed Values of Isotropic  and  Anisotropic  Polarizabilities  
                   (a.u.) Using the CIDH and QIDH Models for the Water Nanoclusters under Study; Also Listed are the  
                   CCSD Results as Reference Data  

 

Method W2 W3 W4 W5 W6-B W6-C W6-P W6-R 

  a 

PBE-CIDH -0.12 -0.10 -0.17 -0.22 -0.23 -0.18 -0.16 -0.27 

PBE-CIDH-OS -0.33 -0.44 -0.64 -0.81 -0.95 -0.89 -0.88 -0.98 

PBE-QIDH -0.19 -0.23 -0.35 -0.45 -0.51 -0.45 -0.44 -0.54 

PBE-QIDH-OS -0.54 -0.79 -1.11 -1.40 -1.67 -1.61 -1.60 -1.70 

         

CCSD 18.59  28.12 37.92 47.66 57.00 56.39 56.04 57.36 

 b 

PBE-CIDH 0.11 0.22 0.24 0.30 0.29 0.19 0.09 0.34 

PBE-CIDH-OS 0.05 0.15 0.07 0.07 0.08 0.08 0.09 0.04 

PBE-QIDH 0.05 0.12 0.11 0.12 0.12 0.07 0.05 0.12 

PBE-QIDH-OS -0.04 0.02 -0.17 -0.24 -0.20 -0.09 0.05 -0.36 

         
CCSD   3.47 5.22 7.10 9.15 8.80 7.70 5.21 10.55 

        a  zzyyxx  
3
1 . b          2/1222222
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                                Table 2. Performance of CIDHs and QIDHs for Computing the Isotropic  and  
                                              Anisotropic Polarizabilities (a.u.) of Water Nanoclusters under Study 
 

     

Method MAD MaxAD  MAD MaxAD 
PBE-CIDH 0.18 0.27  0.22 0.34 

PBE-CIDH-OS 0.74 0.98  0.08 0.15 

PBE-QIDH 0.40 0.54  0.10 0.12 

PBE-QIDH-OS 1.30 1.70  0.15 0.36 
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accurate isotropic polarizability values are obtained by the 
PBE-CIDH functional with MAD = 0.18 a.u. and MaxAD = 
0.27 a.u., lower than those provided from MP2 calculations 
(MAD = 1.03 a.u. and MaxAD = 1.32 a.u.) [23]. Since 
calculations of the AC-based DH density functionals are 
less expensive than MP2 calculations for large clusters, it is 
incentive  that  some  of  CI- and QI-based DHs  outperform  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
MP2 for dipole polarizability calculations. The next 
functional is PBE-QIDH with MAD = 0.40 a.u. and MaxAD 
= 0.54 a.u., followed by PBE-CIDH-OS and PBE-QIDH-
OS. On the other hand, it can also be concluded from Table 
2 that the use of OS scheme in CIDHs and QIDHs does not 
improve the accuracy of the results of isotropic 
polarizabilities.   Indeed,    the   same    and    opposite   spin  

-2.0

-1.6

-1.2

-0.8

-0.4

0.0

W2 W3 W4 W5 W6-B W6-C W6-P W6-R

Water nanoclusters

SD
 in

 is
ot

ro
pi

c 
po

la
ri

za
bi

lit
ie

s 
(a

u)
  

PBE-CIDH PBE-CIDH-OS PBE-QIDH PBE-QIDH-OS
 

 

-0.4

-0.2

0.0

0.2

0.4

W2 W3 W4 W5 W6-B W6-C W6-P W6-R

Water nanoclusters

SD
 in

 a
ni

so
tr

op
ic 

po
la

ri
za

bi
lit

ie
s 

(a
u)

  

PBE-CIDH PBE-CIDH-OS PBE-QIDH PBE-QIDH-OS
 

Fig. 2. Graphical representations of the signed deviations in the computed isotropic (a) and anisotropic (b)  
             polarizabilities using the CIDHs and QIDHs. 
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correlation components are respectively related to the long-
range and short-range interactions and a model without each 
of them will not be able to predict reliable response 
properties. Concerning the results of anisotropic 
polarizabilities for water nanoclusters, we find however that 
the PBE-CIDH-OS (MAD = 0.08 a.u. and MaxAD = 0.15 
au) and PBE-QIDH  (MAD = 0.10 a.u.  and  MaxAD = 0.12  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
a.u.) give the lowest deviations, followed by the two 
functionals PBE-QIDH-OS and PBE-CIDH.  
 Although our emphasis in this work is to compare the 
DH functionals based on CI and QI functions for estimation 
of the dipole polarizabilities of water nanoclusters, it is also 
important to further assess the results of these modern 
models  with  respect   to  those   obtained   using  other  XC  
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Fig. 3. Bar graphs of the MADs and MaxADs on the computed isotropic (a) and anisotropic (b) polarizabilities  

              using the CIDHs and QIDHs models. 
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functionals. The chosen functionals for this purpose are as 
follows: parameterized DH functionals B2-PLYP [1] and 
B2GP-PLYP (as a General Purpose functional) [6] and the 
two parameter-free DHs, PBE0-DH [13] and PBE0-2 [16]. 
The values of MADs for B2-PLYP, B2GP-PLYP, PBE0-
DH and PBE0-2 are, respectively, 1.79, 0.96, 0.04 and 0.17 
a.u. on the isotropic polarizabilities and 0.56, 0.28, 0.28 and 
0.10 a.u. on the anisotropic polarizabilities. Comparing 
these results with those obtained using the best performing 
DH functionals in this work, PBE-CIDH and PBE-CIDH-
OS, we find that the performance of PBE-CIDH functional 
is better than B2-PLYP and B2GP-PLYP functionals, 
though its accuracy does not reach the PBE0-DH in the case 
of isotropic polarizabilities. It is noted here that, the PBE0-
DH model has been constructed based on LS1DH scheme, 
Eq. (2), and contains no fitted parameters but the ratio of the 
included terms were determined using theoretical arguments 
as 12.5% for MP2 correlation and 50% for exact exchange 
[13]. In addition, good performance of PBE0-DH model has 
also been advocated for other energetic properties, see for 
instance Refs. [13,17], highlighting more analyses of the 
energy expression of such models toward new discoveries 
in the field of DH-DFT. About anisotropic polarizabilities, 
PBE-CIDH-OS and PBE0-2 functionals with nearly 
equivalent performance are better than the others.  
 On the whole, it can be deduced that the DH density 
functionals based on cubic integrand function perform better 
than approximations containing quadratic integrand function 
for response properties of water nanoclusters. Lastly, what 
we would like to highlight the most here is that such 
statistical analyses are not entire story but hopefully may be 
considered as a starting point for proposing the new models. 
It seems that a bright future lies ahead.  
 
FINAL COMMENTS 
 
 To summarize, within this study we have unveiled the 
accountability of a few modern double-hybrid models based 
on cubic and quadratic integrand functions and their 
counterparts with spin-opposite-scaled scheme for dipole 
polarizabilities of water nanoclusters. Several key findings 
emerge from this work which can be outlined as follows. 
Although the tested CIDHs and QIDHs underestimate the 
isotropic    polarizabilities,    in    the    case   of   anisotropic 

 
 
polarizabilities there is also overestimation of data for a few  
nanoclusters. The PBE-CIDH functional is the best 
performing functional for isotropic polarizability. 
Additionally, our results showed that for anisotropy 
calculations of water nanoclusters the PBE-CIDH-OS 
model outperforms other functionals. Altogether, the 
recommended functionals for predicting the dipole 
polarizabilities are PBE-CIDH, PBE-CIDH-OS, PBE-
QIDH, and PBE0-DH which improve over both Møller-
Plesset perturbation calculations and other DHs. Finally, 
DH-DFT methodologies and particularly adiabatic 
connection-based models free of empirical 
parameterizations should receive more considerations for 
further development of DH functionals with reduced 
computational cost to investigate the dipole polarizabilities 
of large water clusters and other hydrogen-bonded systems.  
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