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 The liquid crystal director distribution is determined for a confined chiral nematic slab. The molecular director distribution of the field-
controlled chiral nematic slab is directly calculated. The director profiles for the tilt and the twist angles, under different applied fields, are 
calculated in the slab with weak boundary conditions. Then, the dependence of the threshold field on a dimensionless parameter containing 
the anchoring and thickness variations is discussed. The variation of the threshold field is found as a function of anchoring strengths for 
different ratios of the slab-thickness to the pitch, d/P. It confirms that for a constant ratio of d/P, the field decreasing rate in strong 
anchoring conditions is high and that by decreasing the strength of anchoring, the threshold field becomes approximately constant. This 
study is based on a stable and simple numerical method that gives accurate results in a short time, compared to the existing methods and a 
good agreement with the previously reported solutions highlights the effectiveness of the method. 
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INTRODUCTION 
 
 A nematic liquid crystal is a phase of liquid crystals with 
the least order and the highest symmetry. It solely exhibits 
the orientation of the long molecular axis, i.e., the director n 
as a globally preferred direction. The deformations of a 
nematic liquid crystal due to the external forces, such as 
boundary forces, electric or magnetic fields increase the free 
energy density as compared to a uniformly aligned nematic. 
This increase in energy is described by the continuum 
theory that first proposed by Oseen and developed by Frank 
[1]. All bulk deformations of a nematic phase can be traced 
back to three fundamental elastic deformations called splay, 
twist and bend [2-4].    
 Similarly, the chiral nematic liquid crystal phase solely 
possesses the orientation of the long molecular axis. 
However, in contrast to the nematic phase, there is a 
spontaneous macroscopic helical superstructure with a twist 
axis perpendicular to the local director. Thus the phase 
consists of local nematic layers,which are continuously 
twisted with respect  to  each  other.  Hence,  chiral  nematic 
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phases exhibit an inherent twist with the twist axis 
perpendicular to the local director and a pitch P of the 
undisturbed helix. This is accounted for in the expression of 
the free energy density by inclusion of the helical wave 
vector q0 = 2π/p, called free twist number or twisting 
number [3-6]. The distortions induced by external fields 
applied to chiral nematic liquid crystal give rise to a wide 
range of magneto- optic and electro-optic effects. There is 
strong interest in novel and improved liquid crystal 
technologies through magnetically, electrically, and 
optically induced Fredericks transitions [7]. Fredericks 
transition refers to reorientation of the director induced by 
magnetic or electric fields [8]. These phenomena have been 
the subject of extensive studies during the last few decades 
[9-11]. However, despite prior studies, many features are 
yet to be systematically investigated.  
 The magneto-optical and electro-optical properties 
depend on the alignment angle of the director at the surface 
(pretilt angle) imposed by the substrate boundaries as well 
as the bulk material properties. In chiral nematic liquid 
crystals, the surface anchoring effects and the external fields 
are important both for basic understanding of the theory as 
well  as  in  a  wide  range  of  applications.  In principle, the 
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interfacial free energy, called anchoring energy, has been 
introduced in order to quantify how strongly a nematic 
liquid crystal is oriented or anchored [3-5]. In most cases of 
twisted chiral nematic liquid crystals, the surface coupling is 
not so strong and hence the concept of weak anchoring has 
been introduced. To describe a weak anchoring surface for 
an untwisted nematic liquid crystal sample, Rapini and 
Papoular have introduced a simple expression for the 
interfacial energy per unit area for a one dimensional 
deformation [12] 
 For the two dimensional deformation cases, such as a 
twisted nematic liquid crystal cell, a general anchoring 
energy expression is necessary [13]: 
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which Wij is a nonlinear combination of the azimuthal and 
the polar angles.  In this expression, e is the easy direction 
of the boundary surfaces and Wij represents the anchoring 
strengths.   
 It is well known that the magneto-optical and electro-
optical properties of twisted devices are modified by 
altering the director field. Thus determining the behavior of 
the director field is critical. In this article, the molecular 
director distribution of the field-controlled twisted chiral 
nematic slab is directly calculated. It is assumed that the two 
limiting planes of the slab are treated in a way that leads to 
the surface interaction imposing a specified orientation e on 
the liquid crystal, and that they are in weak anchoring 
conditions. A stable, simple and fast method which is based 
on a finite difference approximation is used [8]. The 
dependence of the director distribution and the threshold 
field on deformation, anchoring strength and the 
confinement ratio is studied under certain magnetic fields. 
The confinement ratio is defined as the ratio of the slab-
thickness to the pitch, d/P. It is shown to provide accurate 
results in line with the previously reported results [14]. 
 
PROBLEM FORMULATION 
  
 We are concerned with the orientational structures in a 
chiral nematic slab bounded by two parallel planes. In such 
slabs, director distributions are strongly affected by the 
anchoring conditions at the boundary surfaces which break 
the  translational   symmetry  along   the   twisting   axis.   In 

 
 

 
Fig. 1. Polar and azimuthal variables with respect to the  

               director. 
 

 
addition, there is a magnetic field applied to the slab. So, in 
general, all the factors (chirality, elasticity, magnetic torques 
and surface anchoring) are in direct competition and the 
helical form of the director field will be distorted. To 
formulate such a complex problem we consider a twisted 
chiral nematic slab of thickness d with two parallel planes at 
z = 0 and z = d. It is subjected to finite anchoring at these 
surfaces as shown in Fig. 1. In practice, finite anchoring 
means that the extrapolation length not be small compared 
with both the slab thickness and the magnetic coherence 
length. A magnetic field, parallel to the z axis, is then 
applied between the boundary planes. On one hand, it is 
enforced by anchoring forces at the confining surfaces and 
the chirality. On the other hand, the magnetic field exerts a 
torque which may conflict with the chirality and boundary-
imposed alignment. The torque increases with an increase in 
the field strength, and tends to reorient the layers along the 
field, but free rotations are hindered by limiting surfaces. It 
is shown that eventually, at certain field strength, the 
boundary-imposed alignment becomes unstable and gets 
replaced by the imposed field ultimately affecting the 
director distribution. A large variety of nonlinear 
phenomena occurs as a result of this feedback. For a 
confined chiral nematic liquid crystal, the nonlinear 
phenomena can be formulated as presented in this section.  
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 The elastic free energy density in the bulk of a chiral 
nematic liquid crystal can be explained in terms of the 
Oseen-Frank strain free energy density:  
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where K11,K22,K33 are the elastic coefficients, for splay, 
twist, and bend, respectively, and q0 gives the equilibrium 
helical pitch p0 = 2π/q0 for the twist axis directed along z 
direction. Then, the equilibrium configuration in an 
unbounded chiral nematic liquid crystal is defined by the 
director field: n = (cosq0z, sinq0z, 0). When the chiral 
nematic liquid crystal is bounded with planar anchoring 
condition, it might be expected that the helix twist wave 
number differ from q0 [11].  
  The orientation of the director of the bounded chiral 
nematic slab may be described by two angles, θ (the tilt 
angle measured from the surface x-y) and φ (the twist angle 
corresponding to the spherical coordinate), Fig. 1:  
  
 )sin,sincos,(cos  con                                       (3) 
  
 It is assumed that the configurations are stable with 
respect to out of plane director fluctuations and the 
distortions depend on twisting number and one dimension, 
z. The magnetic free energy density is given by:  
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where x is the magnetic susceptibility anisotropy, i.e., the 
difference between the susceptibilities parallel and 
perpendicular to the local director. The  more  general  form 
of surface energy, Eq. (1), is used for anchoring energies of 
the boundary planes at z = 0 and z = d. The easy direction e  
of the boundary surfaces can be written as: 
  
 )sin,sincos,cos(cos e                                      (5) 
 
where θ and Φ are the tilt and the azimuthal angles of the 
director at the easy direction, respectively. Corresponding 
surface energy densities for the bottom and the top planes 
are given by:  
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where W2,1 are the anchoring strengths at the top and the 
bottom planes. The easy directions may be expressed as the 
following unit vectors: 
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where θ0,d and φ0,d are the boundary values of the orientation 
angles of the director, as shown in Fig. 1.  Accordingly, the 
total free energy including the bulk energy and the surface 
free energies is obtained by:  
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where dυ is the volume element of the bulk energy, ds is the 
surface area element of the bottom and the top planes. The 
equilibrium configuration for the chiral nematic deformation 
profile is such that the total free energy has a minimal value 
subject to the boundary conditions. Minimization of the 
total free energy yields the director configuration. The total 
free energy density of the chiral nematic slab is calculated 
using Eqs. (3- 10): 
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where zandz  // )1()1(  . Using the Euler- 

Lagrange approach to minimize the free energy leads to  
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and the prime denotes differentiation with respect to θ. The 
boundary conditions for the confined chiral nematic with 
weak anchoring effects at the boundary surfaces can be 
written as [4]:                      
  
 0/)(/ )1(2,1   fieldchiralels ffff                    (15) 
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Accordingly, the boundary conditions for the lower and the 
higher boundary surfaces, respectively at z = 0 and z = d, 
are obtained as follows: 
 
 

)sincoscossin(cos)sinsin

coscos(cos)(

000

00 1
)1(







 z
wg           

                                                                                  (17) 
 

)sincoscossin(sin)sinsin

coscos(sin)( 2
)1(

ddd

ddz
Wg







         

                                                                                  (18) 
 

 

)coscos(sin)sinsin

coscos(coscos)2()(

00

00 1
2

22
)1(






  z
W

p
kh  

                                                                                  (19) 
 

 

)coscos(cos)sinsin

coscos(sincos)
2

()( 2
2

22
)1(

dd

ddz
W

p
kh






  
 

                                                                                          (20) 
 
 Central difference discretizing scheme is used to find the 
director distribution as well as the dependence of the 
threshold field on the pitch of the chiral slab and the 
anchoring conditions. Specifically, a recursive method is 
used to solve the system of obtained equations under the 
boundary conditions.  

 
 
RESULTS AND DISCUSSION 
 
 For a twisted chiral nematic slab, the material 
parameters used in the calculation are: K33/K11 = 1.25,  
K22/K11 = 0.65 and χa = 9.5 × 10-7 (m3 kg-1), µ0 = 4π × 10-7 

(Hm-1). The director profiles for the tilt and the twist angles, 
under different applied fields, are calculated in the slab with 
weak boundary conditions. The anchoring strength is taken 
as W1,2 = 2  10-4 jm-2 for both boundary surfaces. The 
results are shown as functions of non-dimensional 
parameter z/d in Figs. 2 and 3. The results are plotted in the 
range of reduced magnetic fields 0/ thBB , in which    


 xk
d

Bth /11
0  is the threshold magnetic field for untwisted 

nematic slab. From Fig. 2 it is clear that below the threshold 
field strength, the director profile is unperturbed and 
remains uniform. However above this value, a distortion 
occurs because of a competition between restoring elastic 
forces induced by the alignment at the boundaries, the 
chirality and the destabilizing torques produced by the 
external fields. Increasing the external field leads to 
reorientation of liquid crystal molecules even for molecules 
near the boundary surfaces due to the weak boundary 
conditions. The influence of the magnetic field is strongest 
at the middle plane of the slab, implying a balance with the 
maximum elastic force. The tilt angle θ reaches the 
maximum θm, at the mid-layer of the slab, θm = θ(d/2). The 
threshold properties of the slab can be obtained through 
observing the behavior of θm. Figure 3 shows the variation 
of θm with respect to the different values of magnetic field 
and at various confinement ratios. It is found that the 
maximum tilt angle  θm increases with the ratio of d/P while 
the threshold field is inversely proportional to the ratio d/P. 
In addition, it is shown that due to the influence of chirality, 
higher field strengths are needed to reorient liquid crystal 
molecules when compared to untwisted cells [9]. Then, the 
threshold field, at which a phase transition occurs between 
unperturbed and distorted conformation is calculated. The 
dependence of threshold field on the confinement ratio is 
presented in Fig. 4. One should note that, at zero fields the 
texture is uniformly planar and at low field strengths, the 
director can be assumed to remain on average in the x-y 
plane with the helix axis, and thus along the z axis. There is 
a strong competition  between  the  surface  forces  trying  to 
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keep the chiral nematic slab planar, i.e., the helix axis 
perpendicular to the substrates, and the applying field trying 
to reorient the helix into the x-y plane. This competition, 
depending on the relative strength of the two mechanisms, 
leads to different director distributions or distortions. 
Applying the field normal to the cholestric planar quasi- 
layers, the magnetic torques tend to reorient the layers along 
the field but free rotations are suppressed by limiting 
surfaces. As a result, at the weak fields,  the  layers  undergo 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
some periodic director deformations [15].  The periodicity 
and the resultant texture strongly depend on the confinement 
ratio d/P [16]. The minimization of free energy favors the 
nematic phase if the thickness is less than the unperturbed 
pitch, i.e., the texture does not differ much from the nematic 
phase. Increasing the confinement ratio leads to destabilize 
the planar nematic phase in the middle plane of the slab, in 
very strong anchoring condition.  
 It should be emphasized that the orientational transition 

 
Fig. 2. Director profile  under  different  applied   magnetic fields for the tilt  angle,  in  weak boundary conditions,  
           dashed curve: 0/ thBB = 2.4, dotted curve: 0/ thBB  = 4.8, dash-dot curve: 0/ thBB  = 6.4 , solid curve: 1/ 0 thBB . 

 
 

 
Fig. 3. Influence of different values of the confinement ratio, d/p, on magneto-distortional curve. Dash-dotted  

                  curve:d/P = 2.04, dotted curve: d/P = 3.06 , dashed curve: d/P = 4.08. 
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happens at a fixed temperature. The confinement ratio is the 
parameter which characterizes the mechanical action of the 
two limiting surfaces and the magnetic field acts as an 
additional control parameter. A very strong field induces a 
homeotropic texture, in which the director is oriented 
perpendicular to the substrates and the helical axis is in the 
plane of the slab. The appearance of such textures, called 
fingerprints, depends on the confinement ratio d/P [17]. 
Moreover, at higher magnetic fields, helix unwinding 
process can happen in cases where the slab is considered 
thick or outside the length scale on which the surface forces 
are  considered   strong   [18].  Nevertheless,  this  transition 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
is obviously different from that described above. It is 
expected that for these distortions, the threshold fields will 
not be sharp and will depend on slab dimensions, pitch 
length, etc. [4].  
 Meanwhile, it is convenient to introduce the 
dimensionless parameter λ = πK22/W1,2d. The dependence of 
the threshold field on λ is obtained by a similar finite 
difference method. The results are shown in Figs. 5 and 6. 
Specifically, Fig. 5 reveals that the  threshold  field  is  more 
sensitive  to  the  thickness  when  compared  to  the case  of 
weak anchoring strengths. Figure 6 shows the variation of 
the  threshold   field   for   different   confinement   ratios.  It 

 
Fig. 4. Dependence of the threshold field on the confinement ratio, d/p, for  W1,2 = 2.4 × 10-4 J m-2. 

 

 
Fig. 5. Dependence  of  the  threshold  field  on λ, for a twisted chiral nematic slab. Dotted  curve: W1,2 = 2.4 × 10-4 J m-2,      
           dash-dotted curve:  W1,2 = 1.6 × 10-4 J m-2, dashed curve:  W1,2 = 8 × 10-4 J m-2, solid curve:  W1,2 = 2 × 10-4 J m-2. 
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confirms that for a constant ratio of d/P, the threshold field 
decreasing rate in strong anchoring conditions is high and 
that by decreasing the strength of anchoring, i.e., λ > 1, the 
threshold field becomes approximately constant.  
 The calculated profiles for the twist angle are shown in 
Fig. 7. It is found that the twist angle is not symmetric with 
respect to the mid-layer of the slab. This is due to the 
asymmetric azimuthal angles of the director at the boundary 
planes. To find the field dependence of the  twist  angle,  the 
director  deformation  in the mid-layers  of  the  slab  can  be 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
determined by taking different ranges of the reduced 
magnetic field, as shown in Fig. 7. Another aspect of the 
chiral nematic response to an applied field is hysteresis. The 
reorientation is accompanied by hysteresis phenomena. 
However, it is found that the hysteresis loops disappear 
when the anchoring strength is sufficiently small [19]. 
 Using our simple method which is very stable and fast 
can reveal some new aspects of director distribution and 
Fredericks transition in chiral  nematic  liquid  crystal  slabs. 
Also a good agreement of the solutions  with the  previously 

 
Fig. 6. Dependence of the threshold field on λ, for a twisted chiral nematic slab. Dash-dotted curve:d/P = 4.58,  

                     dotted curve: d/P = 4.08 , dashed curve: d/P = 3.57. 
 
 

 
Fig. 7. Deformation profile in a chiral nematic slab with weak boundary conditions for the twist angle. The variation of 

               twist angle in mid-layer is represented in the range of 0/ thBB = 2 to 0/ thBB  = 7 from a to f, respectively. 
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reported solutions [14,20] highlights the effectiveness of 
this method. 
 
CONCLUSIONS        
 
 We discussed the director reorientation in a confined 
twisted chiral nematic slab and its dependence on anchoring 
strength, confinement ratio and magnetic field strengths. To 
find the effect of finite anchoring strengths, we considered 
the general form of surface energy. We have successfully 
applied an effective and stable, yet simple, method to 
calculate the director distribution for a twisted nematic slab. 
The method is based on a straightforward finite-difference 
approximation. We obtained the threshold fields and 
discussed the field dependence of the tilt and twist angles. 
More specifically, our process can reveal some new aspects 
of director deformations in complicated scenarios through a 
simple procedure. The Fredericks transition is important in 
the development of liquid crystal display devices. Hence, a 
detailed investigation is of significant practical relevance. 
Future developments can be pursued in studying dynamical 
features of Fredericks transition while taking into account 
the anchoring potentials in a chiral nematic slab [21]. 
Furthermore, we have not yet introduced any defects in our 
case. However, given the discretization, the introduction of 
defects in the director field, will bring about enormous 
technical difficulties, which will be one of the subject of our 
future research. 
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