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Advances in nano-fabrication techniques have enabled confinement of polymers at nano-scale cavities. This has raised a higher demand
for development of theories for polymers in severe confinements. In this manuscript, the escape of a polymer confined in a nano-slit
through a nano-pore in the strong confinement regime is investigated theoretically and by using Langevin Dynamics (LD) simulations. The
strong confinement occurs when the height of the nano-slit becomes smaller than the persistence length of the polymer. Persistence length
is a measure of the polymer stiffness. The radius of gyrations Rg, the confinement force on the polymer f, and the ejection time of the
polymer τ are obtained in different values of the polymer length L, the height of the nano-slit D, and the persistence length of the polymer
P; the simulation results are well described with the scaling relations Rg ~ ( P ) 0.25 , f ~ (PD 5 ) 0.4 and  ~ (PD 2 ) 0.42 , respectively. The
L0.75
D
L
L2
simulation results are in a rather good agreement with the theory. It seems that the relative difference between theory and simulation is due
to being close to the transition region between weak and strong confinement regimes.
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INTTRODUCTION
In the past decades, advances in nano-technology have
enabled confinement of polymers in various nano-scale
geometries [1,2]. The applications vary from examining
theories for describing the polymer behavior and obtaining
new insights into biological phenomena to fast DNA and
protein sequencing [3,4]. There are three common types of
confinement: slit-like, cylindrical, and spherical; which
reduce the available dimensions for the polymer to two, one,
and zero dimension(s), respectively. Other types of
confinement, e.g. cone-shaped channels, are also studied
[5]. The free energy and extension of flexible polymers in
confinement is known previously from polymer science [6].
Previously-known theories [7,8] and new aspects such as
spherical confinement [9] and knotting behavior [10,11] are
examined using simulations and experiments.
*Corresponding author. E-mail: nikoofard@kashanu.ac.ir

The important macro-molecule, double-stranded DNA
with the large persistence length of 50 nm is severely
confined, e.g. in the cell nucleus and inside the viral capsid.
As a result, confinement of polymers in length scales
smaller than their persistence length is considered in the
literature [12,13]. The problem of a semi-flexible polymer
in confinement is more complicated because of the
existence of a new length scale (persistence length) in the
system, which should be compared with the size of the
confining geometry. Strong confinement occurs when the
size of the confining geometry becomes smaller than the
polymer persistence length. New theories are developed to
describe behavior of semi-flexible polymers in strong
confinement [14,15,16]. Besides, organization of semiflexible polymers [17,18] and some dynamical features such
as their knotting [19] or looping [20] behavior in
confinement have been the subject of research.
Theories for semi-flexible polymers are well developed
and examined for slit-like and cylindrical confinements
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[12,13,21,22]. The well-known de Gennes regimes (or
moderate confinement) is true as long as the size of the
confining geometry is much larger than the persistence
length of the polymer. When the persistence length becomes
smaller than the size of the confining geometry, transition to
the Odijk regime (or strong confinement) is observed. Other
intermediate regimes, such as the extended de Gennes
regime are observed between the de Gennes and Odijk
regimes in slit-like and cylindrical confinements [23].
Polymer release out of confined geometries is
significant in phenomena such as drug delivery, gene
therapy and understanding viral genome ejection [24].
Polymer escape from confined geometries is one kind of
forced polymer translocation. Many experimental,
simulation and theoretical studies have been performed on
the problem of polymer translocation through a nano-pore
in the past two decades [25-29]. Polymer translocation is
important in bio-polymer separation [30] and analysis [31],
and understanding biological phenomena [32]. Different
time scales are described in the polymer translocation,
involving capture and passage times [33,34]. Among
different time scales, the passage time is the most studied
one, which is the required time for the polymer to
completely pass through the nano-pore. Besides, two types
of polymer translocation are considered, un-forced [35] and
forced [36] translocations. The scaling relations for the
passage time in the two types of polymer translocation are
obtained theoretically and by using simulations [36,37].
Polymer translocation out of a confining geometry is
driven by the gain in conformational entropy of the polymer
[38,39]. Different factors such as the size of the confining
geometry and the persistence length of the polymer affect
the ejection process. There are also other determining
factors in practical situations, such as the presence of knots
[40], chaperons [41] or the organization of the polymer [42].
Polymer translocation into confinement is also considered
[43,44], which is related to viral genome packaging [45].
Despite extensive studies in this field, translocation of semiflexible polymers out of confining geometries is less
investigated.
In this manuscript, translocation of a single polymer
out of planar confinement is studied in the Odijk regime.
The polymer is initially confined in a slit geometry with a
size smaller than two times of the persistence length of the

polymer. The radius of gyration and the confinement force
on the polymer is obtained theoretically and compared with
the results of the LD simulations. Then, the polymer is
allowed to escape from the confinement through a narrow
pore. The passage time required for the polymer to
completely escape from the confinement is obtained
theoretically and by using LD simulations. Comparison
between the theory and simulation results shows a relative
agreement.
The theory of a polymer in slit-like confinement is
reviewed in the next section that is followed by the
Simulation Method and Simulation Results. The results are
summarized in the last section.

Theory
The radius of gyration of an un-confined polymer is
1

2

3

obtained by Rg ~ V 5 b 5 N 5 , according to the Flory theory. For
a polymer with non-zero persistence length, the effective
monomers are described by a cylinder of length b = 2P and
width σ . N is the number of monomers, which is related to
the contour length of the polymer, L = Nb. The excluded
volume of a cylindrical monomer is obtained from the virial
expansion V = b2σ. Thus, the radius of gyration of the free
3

1

1

polymer becomes Rg ~ L5 P 5 5 [6].
In the problem of a confined polymer, there are three
length scales in the system: the radius of gyration Rg, the
persistence length P and the size of the confining geometry
D. For a polymer confined in a nano-slit, D is the distance
between the two plates or the height of the nano-slit (Fig. 1).
In weak confinement D ≈ 3Rg, the polymer feels the
confining geometry very weakly. In moderate confinement
2P << D < Rg (the de Gennes regime), the blob theory is
used in which the polymer is described as a sequence of
blobs (Fig. 1a). When D << 2P, the polymer is in the strong
confinement or the Odijk regime (Fig. 1b). In this regime,
the polymer is divided into a sequence of deflection
segments.
In the de Gennes regime, the polymer is divided into
blobs of size D. Inside the blobs, the monomers have an
3

1

1

un-perturbed statistics D ~ L b 5 P 5  5 , where Lb is the
contour length of the polymer inside the blobs. Free energy
of the polymer F is equal to the Boltzmann energy kBT
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Fig. 1. Schematics of a polymer in slit confinement. (a) Confinement in the de Gennes regime, 2P << D < Rg, is
described by the blob theory. The size of the blobs (large spheres) is equal to the size of the nano-slit.
(b) Confinement in the Odijk regime, σ < D < 2P, is described by the deflection theory. The contour length
of the polymer between two deflections is shown with λ.
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5

F ~ k B T

1
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The radius of gyration of the polymer is obtained from a
Flory type theory, considering the entropic and interaction

1


L
~ k B TLD 3 P 3 3 . Taking the derivative of the
LB

L

2
2 ( )2
terms of the free energy F ~ R||   . Minimizing the
2

k BT

free energy with respect to D gives the confinement force
on the polymer from the walls of the nano-slit;


8

1

LP

R|| D

free energy with respect to R|| gives

1
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f ~ k B TLD 3 P 3  3 . The radius of gyration of the polymer in



1

1
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Rg ~ L4 D 4 P 4  4

(2)

the plane of the slit is found from a self-avoiding walk of
3

1

1

1

3

the blobs in 2D; R ~ D ( L ) 4 . This gives R g ~ L 4 D 4 P 4  4
g

The above relation is similar to the relation obtained for the
radius of gyration in the de Gennes regime [23].
It is shown previously that the ejection time is
proportional to the inverse of the confinement free energy
[38]. Also, the passage time in forced polymer translocation
is proportional to the inverse of the driving force [36]. For a
polymer confined in a nano-slit, the driving force for the
ejection process can be found from the derivative of the free
energy with respect to the contour length. As a result, the
ejection time for the Odijk regime becomes

Lb

[6].
To be precise, the Odijk regime is defined when
σ < D < 2P in this manuscript. In the Odijk regime, the
polymer contour is deflected when it approaches the walls
of the nano-slit (Fig. 2b). The size of the contour length of
2

1

the polymer between deflection points is given by  ~ D 3 P 3
[46]. Free energy of the confined polymer is equal to the
Boltzmann energy kBT times the number of deflection
segments,
L
L
[21]. The confinement
F ~ k BT



~ k BT

2

  D 2 / 3 P1 / 3

1

force on the polymer is found from the derivative of the free
energy with respect to the size of the confinement;
L
(1)
f ~ k BT

5

(3)

D3 P3

Simulation Method
The behavior of a semi-flexible polymer confined in a
nano-slit is investigated using LD simulations. The polymer
is modeled by spherical monomers which have excluded

1

D3 P3
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Fig. 2. (a) Confinement force versus the height of the nano-slit. Inset: Confinement force versus persistence length.
(b) Log-log plot of the previous plots with re-scaled coordinates. Only data points that are in the Odijk
regime are shown.

volume interactions with each other and with the walls of
the nano-slit, through the shifted Lennard-Jones potential

1
 
V ( r )  4  ( )12  ( ) 6   . The potential is truncated at
LJ

 r

r

in which r is the perpendicular distance between the
monomers and the wall. As a result, the wall thickness is
equal to σ. The length of the pore is equal to the wall
thickness. The internal diameter of the pore is taken equal to
2.6σ, in accordance with Ref. [38]. For this diameter of the
pore, one monomer can be inside the pore, at each time. So,
the monomers should exit the nano-slit consecutively.
Increasing the nano-pore diameter beyond this limit can
have a dramatic effect on the results.
The Langevin equation m dv(t )  F (t )   mv(t )   (t ) is

4

1
6

rcut  2  . Here, ε and σ are the energy and the length

scales of the simulations. The monomers are
connected to each other via the FENE potential


1
1 2  , where
and
K  70
V (r )   Kr 2 ln 1  (
)
2

max




rmax






rmax = 1.5σ are the bond stiffness and the maximum bond
extension, respectively. The bond angle potential
V ( )  K [1  cos(   ) is applied, in which the stiffness

dt

integrated to find the time evolution of the system. In this
equation, m and v(t) are the mass and velocity of the
monomers, respectively. F(t) is the force from the
interaction with other monomers and the nano-structure.
γmv(t) and ξ(t) are the friction and random forces,
respectively. The random force is a Gaussian white noise

determines the persistence length, K   P .
k BT



The monomers interact with the walls of the nano-slit,
through the same shifted truncated Lennard-Jones potential,
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with a mean value that depends on the temperature. The
equation of motion is integrated using the velocity-Verlet
algorithm in ESPResSo 3.2.0 [47], with a time step equal to

Simulations in which the first monomer returns to the space
between the walls and loses the nano-pore are not taken into
account (failed simulations).
The results of the simulations are compared with the
theory, by fitting the theoretical equations to the simulation
data. The quality of the fit is described by the root mean
square error and the R squared. If one shows the data points

with yi and the estimated values from the fit with yi , the

2
0.01τ0, where   m indicates the simulation time unit.
0



The values   1.0 and T  1.0  are used for the damping
0

kB

constant and the system temperature in the Langevin
equation.
Parameter values are chosen according to doublestranded DNA. σ = 2 nm (the width of DNA helix) and
ε = kBT are used, which gives the force unit of the
simulation equal to 2.07pN. Each nucleotide has a length
0.34 nm; so, each bead contains 2  2.0 nm nucleotides.

root mean square error is defined by RMSE  1 N ( y  y )2
 i i
n

TSS

is sum of the squared errors and TSS  ( y  y ) 2 is the
 i i
i 1

n
total sum of the squares, where y  1 y . R squared is
 i
i

Using the averaged molar mass of one nucleotide,
487 g mol-1, the mass of each bead is found to be 9.6 
10 -26 kg. This gives the time unit of the simulations, 0.96 ns.
At the beginning of the simulations, monomers of the
polymer are located between the walls according to a
pruned self-avoiding random walk. Then, the polymer is
equilibrated in a time of order N 2. After equilibration, the
averages for the radius of gyration of the polymer and the
confinement force on the polymer are calculated in a time
equal to 4N2. The radius of gyration is found using the
1
N
relation
where
R 2|| 
[( x  x ) 2  ( y  y ) 2 ] ,



i 1

i

cm

i

i 1

N

0.34 nm

N

i 1

N
and the R squared by R 2  1  SSE . Here, SSE  ( y  y ) 2
 i i

n

i 1

between 0 and 1 and is a measure of the percentage of data
points explained with the fit.

SIMULATION RESULTS
Confinement Force
The error-bar plots of the confinement force on the
polymer versus the height of the nano-slit and the polymer
persistence length are shown in Fig. 2a and its inset,
respectively. It is observed that the error-bars are large.
Indeed, the values of the confinement force show large
variations at each time unit of the simulations, such that
most of the recorded values are zero. It is observed that the
size of the error-bars can be reduced by using windowaveraging (not shown on the plots). The size of the errorbars depends dramatically on the size of the window.
Longer runs with large window sizes can reduce the errorbars.
For data points in the Odijk regime, the log-log plot with
re-scaled coordinates is shown in Fig. 2b. It is seen all data
points for various polymer lengths, persistence lengths and
heights of the nano-slit converge on a master curve, by
re-scaling the coordinates according to Eq. (1). A linear fit
gives a slope of 0.4, which is nearly close to the theoretical
value 1/3 predicted by Eq. (1). The quality of the fit is
described by RMSE = 0.93 and R2 = 0.99. RMSE is
sufficiently small as the plot shows. R2 is also close to 1,

cm

x i ( y i ) and xcm ( ycm ) are the coordinates of the monomers and

the center of mass of the polymer, respectively. The
confinement force on the polymer is obtained using the
overall force on the walls of the nano-slit.
For the ejections process, N - 2 monomers of the
polymer are placed randomly inside the nano-slit. One
monomer is placed inside the nano-pore and the other one is
taken outside the nano-pore. Increasing the length of the
nano-pore decreases the number of monomers inside the
nano-slit and slightly affects the osmotic pressure inside the
nano-slit, which is the driving force for the ejection process.
The monomer inside the nano-pore is fixed during the
equilibration. After equilibration, the monomer is unfixed
and the simulation time is set to zero. The ejection time is
recorded when all of the monomers have passed the
nano-pore. For each set of parameters, 100 realizations
are performed and the mean ejection time is reported.
759
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Fig. 3. (a) Radius of gyration versus height of the nano-slit. Inset: Radius of gyration versus persistence length.
(b) Log-log plot of the previous plots with re-scaled coordinates.

indicating that most of the data points are described with the
fit.

of gyration is described with the same relation in the Odijk
and de Gennes regimes [23]. In Fig. 3(b), data points with
2P
log( ) smaller than zero are in the de Gennes regime.
D

Chain Size
The error-bar plots of the radius of gyration versus the
persistence length and the height of the nano-slit are shown
in Fig. 3a and its inset, respectively. The error-bars are
again large, specifically compared to previous studies [23].
This shows the requirement for longer simulations, which is
hardly accessible with our machines (with Intel Core i75820K Processors). The log-log plot of data points with rescaled coordinates is shown in Fig. 3b. It is observed that by
re-scaling the coordinates according to Eq. (2), all data
points with various polymer lengths, persistence lengths and
heights of the nano-slit fall on a single master curve. A line
with slope 0.25 can follow the data points very well, in
agreement with Eq. (2). It should be declared that the radius

Ejection Time
The error-bar plots of the ejection time versus the
persistence length and the height of the nano-slit are shown
in Fig. 4a and its inset. The large error-bars are due to the
small number of ejection times obtained from the
simulation. The number of failed simulation increases with
the height of the nano-slit and the persistence length. This
requires a higher number of simulations, which is not
accessible due to computational limitations. The log-log
plot of the previous plots with re-scaled coordinates are
shown in Fig. 4b. The x-coordinate is re-scaled according
to the right hand side of Eq. (3). For re-scaling the
760

Ejection Time of a Semi-Flexible Polymer/Phys. Chem. Res., Vol. 8, No. 4, 755-765, December 2020.

Fig. 4. (a) Ejection time of polymer from the nano-slit versus the height of the nano-slit. Inset: Ejection time of
polymer from the nano-slit versus persistence length of the polymer. (b) Log-log plot of the previous plots
with re-scaled coordinates. Only data points that are in the Odijk regime are shown.

y-coordinate, dividing the ejection time to N2 gives a better

Odijk and non-self-crossing Odijk regimes. The extended de
2

1.6

Gennes regime occurs when 2 P  D  P . The cross-over

convergence compared to N . Thus, according to Ref. [36],
a polymer confined in a nano-slit in the Odijk regime
behaves similar to a rod-like polymer rather than an
excluded volume chain. The converged data points are well
described with a line of slope 0.42, this is in a relative
agreement with the power 1/3 predicted by Eq. (3). The



from the extended de Gennes to the Odijk regimes happens
when D < 2P. The non-self-crossing Odijk regime occurs
when D < 2σ [23]. Thus, it is not related to the present
study. The relative difference between the simulation results
and the theory might be due to the fact that the data points

quality of the fit is described with RMSE = 1.72 and
R2 = 0.86 which are relatively good.

are close to the cross-over between the extended de Gennes
and the Odijk regimes. It is also possible to define a
transition region between these two regimes.
The polymer free energy in the transition region (from
extreme D << P to moderate D >> P confinement) has been
obtained previously [21];

Discussion on the Transition Region
To be precise, a confined polymer in a nano-slit (or
nano-channel) experiences several regimes as the size of
confinement decreases: de Gennes, extended de Gennes,
761
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Fig. 5. (a) The re-scaled confinement force versus the ratio of the Kuhn length to the size of the nano-slit. (b) The
re-scaled ejection time versus the ratio of the Kuhn length to the size of the nano-slit. Data points with 2P/D
smaller than 1 are in the de Gennes regime.

F  2 L L

k BT
6 P

P
( )2
D
2

P 2
P

3
1.29 ( D )  0.99 ( D )  1



L
P
( )
P
D

Fig. 5a, which are not converged on a single curve.
However, with re-scaling the coordinates for the ejection
time, according to Eq. (5), all the data points converge on a
master curve (Fig. 5b). This convergence is observed for all
data points, which are in both the Odijk and the extended de
Gennes regimes. Fitting with only one parameter (the
proportionality constant in Eq. (5) can follow the data
relatively well. The relative difference may be due to finite
chain effects, because Eq. (5) is obtained in the limit of long
chains.

(4)

Here, Ψ is a function of P . Taking the derivative of Eq. (4)
D

with respect to D gives the confinement force as
D2
P
P . Using
f
 Ξ ( ) , where Ξ is again a function of
L

D

D

Eq. (4) and introducing a proportionality constant, the
ejection time is found to be

CONCLUSIONS
2

 ~c

L
P
~ cL2 P 1 ( )
F
D
L

(5)
The radius of gyration and the confinement force on a
polymer confined in a nano-slit were obtained theoretically
and by using LD simulations. The confinement force was

The re-scaled plots for the confinement force are shown in
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theoretically obtained from the derivative of the
confinement free energy with respect to the height of the
nano-slit. The results of LD simulations for the radius of
gyration of the polymer were in a good agreement with the
theory. A relative agreement between theory and simulation
results was observed for the confinement force on the
polymer.
The polymer was allowed to escape from the slit
confinement through a nano-pore and the ejection time was
measured in LD simulations. Theoretically, the ejection
time was taken proportional to the inverse of the
confinement free energy. The results of the simulations and
the theory for the ejection time were in a relatively good
agreement. Our simulation results showed that the ejection
process of a polymer in the Odijk regime is similar to the
forced translocation of rod-like polymers [36].
An improvement in the confinement free energy was
also discussed, because the data points from LD simulations
are taken from the transition region between the Odijk and
de Gennes regimes. This improvement could describe the
ejection time; however, the simulation results for the
re-scaled confinement force did not converge on a master
curve. The controversy between the confinement force and
the theory may be due to the fact that the theories are
obtained for infinitely long polymers. Despite this
limitation, it is interesting that the theory is able to describe
the ejection time well.
The present work discussed the ejection time of a
polymer in slit confinement through a nano-pore in the
Odijk regime, theoretically and by using computer
simulations. This problem is not investigated previously, to
the authors’ knowledge. In our simulations results, all the
error-bars were relatively large, indicating a requirement for
longer simulations for measuring the force and the radius of
gyration. Also, more simulations are needed to reduce the
error-bars of the ejection times.
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